ECE 331 Lab #4
Ampere’s Force Experiment
Derivation

Introduction

Ampere’s law of force describes the interaction between two current-carrying circuits. This
mathematical development will begin with fundamental equations of magneto-statics, derive Am-
pere’s law of force, and then apply it to a real problem to calculate the equilibrium separation

between two current-carrying loops of wire.

Mathematical Development

Start with the Lorentz force and the Law of Bio-Savart, assuming no significant electric field

and a quasi-static magnetic field.

F =q(v x B) (1)
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Apply equations 1 and 2 to the problem geometry shown in class by taking the differential of

the Lorentz force and substituting in the appropriate subscripts:

dF21 = Igdlz X Bl (3)
Mo Ildll X ARy
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The force F91 may be calculated directly by substituting equation 4 into equation 3 and inte-

grating. Note that A x (Bx C)=—-Ax (C x B)=+(C x B) x A.

Fo = l dFy (5)
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Using the definitions Ry = Ry — R; and ag,, = 1}%—2211, the force is:

,uolllg R2 — R1 >< dll) X dl2
Fy = jé ﬁ
2 Ji1

|Ry — Ry 3

Where:

Ry = bia,

Ry = bya, + La,
dly = bragdey
dly = byaydes

Before equation 9 can be integrated, the integrand must be written in Cartesian coordinates to

allow summing.

= by (cos p1a, + sin pray) = by cos p1a, + by sinpra,

= by (cos paay + sin ¢aay) + La, = by cos paa, + by sin paa, + La,
dly = by (—singra, + cos p1ay) dp1 = —by sin pra,ddr + by cos pra,doy
(

dly = by (—sin¢oa, + cos paay) dpo = —ba sin paa,dds + by cos paa,dps

Next compute the numerator of the integrand ((R2 — R1) X dly) x dls.

Step 1:
R; — Ry = bycos paay + bysin ¢pay + La, — by cos pragbi sin pray
= a (bycos o — by cos P1)) + ay (basinpa — by singy) + a (L)
Step 2:
a,; a, a,
(R2 — R1) X dll = b2 COS @2 — b1 COS ¢1 b2 sin ¢2 — b1 sin gbl L
—bl sin (251 d¢1 bl COS ¢1d(]§1 0

= ag ((b2sin gz — by singy) (0) — (L) (b1 cos p1der))
—ay (b2 cos ¢ — by cos ¢1) (0) — (L) (—bi sinp1der))
+a. ( (bycos gy — by cos 1) (by cos d1dg)
— (bysin s — by sin ¢1) (—by sin ¢1dey) )

(21)



= a, (—Lby cos ¢1) dp1 + a, (—Lby sin ¢y) dpy
+a, (blbg COS (1 COS (g — b% cos? o1
+ b1by sin ¢ sin ¢y — b% sin? gbl)dgbl (22)
= —Lbj cos pra,dpy — Lby sin praydo;
+ (blbg (cos ¢ cos ¢2 + sin ¢y sin ¢g) — b% (0052 $1 + sin? ¢1)) a,dpy  (23)
(R — Ry) x dly = —Lby cos ra,déy — Lby sin graydoy + (bibs cos (61 — 62) — b} ) a-dgy (24)

Note that cos(a £ ) = cos acos f F sin asin 3.

Step 3:
a, a, a.
((Ro — Ry) x dly) x dly = | —Lby cos p1dd —Lby sindrdey (bibs cos (é1 — o) — b2) doyy | (25)
~bysingads by cos gaden 0
= a( (~Lbising1dey) (0)
— ((bibacos(gr — g2) — b7) o1 ) (b2 cos daden) )
—a, ((~Lb cos g1der) (0)
— ((brbacos(or — do) — b7) o ) (—basin dodeso) )
+a. (((—Lby cos ¢1de1) (b cos gadsn)
— (~Lby sin ¢1de1) (b sin dode) ) (26)
= a, (—bib3 cos(61 — ¢2) cos Gadrdes + bibs cos dadedgs)
+a, (—blbg cos(¢1 — ¢a) sin poddyds + b2by sin ¢2d¢1d¢2)
+a.( — Lbiby cos g1 cos gadrdes — Lbibo sin ¢ sin gaderdes ) (27)
= ayb1bg cos @3 (b1 — b cos(d1 — ¢2)) dp1dgs
+aybibasin g (b — by cos(¢1 — ¢2)) dpydepy
—a.Lbib (cos ¢ cos dz + sin ¢y sin ¢2) do1doy (28)
((Rs — Ry) x dl1) x dly = bibo( (@, cos ¢ + @y sin ¢s) (b1 — by cos(61 — 62))
—a.Lcos(¢1 — ¢o) ) dprdeo (20)



Finally, compute the denominator of the integrand |Ry — R1|>.

3
|R2 — 1%1|3 = (\/(bg COS ¢2 — b1 Ccos @1)2 + (b2 sin ¢2 — b1 sin @1)2 -+ (L)2) (30)

= (b% cos? g — 2b1by oS ¢y cOS Pg + b% cos? ¢

3
+ b2 sin? g — 2b1by sin ¢y sin ¢y + bl sin? ¢1 + L2) 2 (31)
= (b% (C082 o9 + sin? <;52) — 2b1bo ( COS (1 COS (9 + sin ¢ sin ¢2)
3
+ b2 (0052 ¢1 + sin? ¢1) + L2) ? (32)
3
Ry — Ruf* = (b3 + b3 + L? — 2b1by cos(é1 — ¢2)) (33)
Substitute equations 29 and 33 in to equation 9:
,uoIlIgblbg (ag cos 2 + ay sin ) (b1 — ba cos(Pp1 — ¢2)) — a, L cos(Pp1 — ¢2)
Fq = 3 dprdgz
L (b% + b% + L2 — 2b1b2 COS(¢1 — @2)) 2
(34)

Equation 34 will need to be integrated numerically. The geometry of the problem, however, suggests
that the x and y components will be zero, because the loops are symmetric with respect to the

z-axis. This can be shown mathematically by looking at the z and y components of the force vector:

Bty = LI ] (0 s+ 0y sin) AlGr, g2)d0nd )
— %ﬁbl@ ]i (@y cos g2 + ay sin ¢) jél A(¢r, ¢2)dprdds (36)
= Hol1 12016y ]{ (az cos g2 + ay sin o) B(¢p2)dps (37)
4 l2
With:

A(p1,92) = b~ by cos(dn — ¢) 3 (38)

(b3 4 b3 + L2 — 2b1by cos(p1 — ¢2)) 2
B(é2) = § A(o1,62)dn (39)

All that is left is to evaluate equation 39 to get B(¢2). There is a degree of freedom in choosing
limits of integration, because the integration may start anywhere along the closed path [;. For
reasons that will become apparent, choose ¢ and ¢o + 27.

Po+27
B(¢2) = / A(¢1, ¢2)der (40)
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Now do a substitution on A(¢1, ¢2) and transform the limits:

a = ¢1— ¢ (41)

b1 = a+ d2 (42)

dqbl = da (43)
¢1=¢2 > a=0 (44)
$1 = Po+ 21 — =27 (45)

The result is:
by — ba cos(a)
(b3 + b3 + L2 — 2b1by cos(av))

2w
B= [ Ada (47)
0

A=

(46)

3
2

From equations 46 and 47 it is apparent that B(¢2) is constant with respect to ¢2 and can be

moved outside the integral in equation 37.

oI1Isb1by B 27 .
(F21)zy = w/o (az cos ¢ + ay sin ¢o) doo (48)

4T
Knowing that the integrals of sine and cosine ( f027r sinzdr = f027r cos zdx = 0) over one period
are zero, (F'a1),y will be zero. Note that the x and y components of the force at each point on loop

2 are not zero, but the total x and y components of the force are zero. Equation 34 reduces to:

ol112b1bo L cos —
Fi = —%az j{ j{ S 7 dp1des (49)
™ 2/l (b3 + b3 + L2 — 2b1by cos(¢1 — ¢2)) 2

Results

The magnitude of the force on loop 2 is:

ol112b1b
Fyy = |Foy| = %A (50)
T
With:
2T 2T COS -
A:L/ / 1 o) g d¢1des (51)
0 JO (b2 + b3+ L2 —2b1bycos(¢y — ¢2))?



Application

Set the force on loop 2 equal to the weight of loop 2. Assume I1 = I = Nyi; = Naio = Ni and

by = by =b.

a7 812 gpm A
A= pn A(2nbN
pmA CTON) 9 = TN
l 2rbN
R=—=
cA cA
R 27bN

B 812 gpm A 2mbN B 1673 gpm
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